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EXPLICIT FORMULAE FOR ALL HIGHER ORDER
EXPONENTIAL LACUNARY GENERATING FUNCTIONS
OF HERMITE POLYNOMIALS
N. BEHR, G. H. E. DUCHAMP, AND K. A. PENSON
Abstract. For a sequence P = (pn(x))
∞
n=0 of polynomials pn(x), we study the K-tuple
and L-shifted exponential lacunary generating functions GK,L(λ;x) :=
∑∞
n=0
λn
n! pn·K+L(x),
for K = 1, 2 . . . and L = 0, 1, 2 . . . . We establish an algorithm for efficiently computing
GK,L(λ;x) for generic polynomial sequences P . This procedure is exemplified by appli-
cation to the study of Hermite polynomials, whereby we obtain closed-form expressions
for GK,L(λ;x) for arbitrary K and L, in the form of infinite series involving generalized
hypergeometric functions. The basis of our method is provided by certain resummation
techniques, supplemented by operational formulae. Our approach also reproduces all the
results previously known in the literature.
1. Introduction
Lacunary generating functions appeared previously in a number of circumstances, in-
cluding for example the treatment of Cauchy problems in partial differential equations [1,
2]. Here, we develop a rather general technique for the treatment of such generating
functions, applicable to sequences P = (pn(x, y))
∞
n=0 of polynomials pn(x, y), where x is
the generic variable and y plays the role of a parameter. Such two-variable extensions of
one-variable polynomials have been strongly advocated in [3]. They can be logically and
consistently defined for all standard families of orthogonal polynomials such as Hermite,
Laguerre, Chebyshev of first and second kind, Jacobi and Legendre polynomials [1, 3, 4].
Once such two-variable equivalents are properly defined, their one-variable variants are
obtained by fixing the values of both variables to functions of one of the variables. The
concrete example considered in this paper is given by the two-variable Hermite (or so-
called Hermite-Kampe´ de Fe´riet) polynomials Hn(x, y) [5, 6], from which the standard
one-variable Hermite polynomials Hn(x) may be recovered via (see (22) below for the
definition of Hn(x, y))
(1) Hn(x) = Hn(2x,−1) .
We will focus our particular attention onto the derivation of a general formula for the K-
tuple L-shifted lacunary generating functions HK,L(λ; x, y) of the two-variable Hermite
polynomials Hn(x, y), which are defined (for K = 1, 2, 3, . . . and L = 0, 1, 2, . . . ) by
(2) HK,L(λ; x, y) :=
∞∑
n=0
λn
n!
Hn·K+L(x, y) .
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The exponential generating functions of type (2) for Hermite and other types polynomials
are very sparsely known, and progress in obtaining new closed-form formulas has been
painstakingly slow. A glance at standard reference tables [7] reveals only a few known
examples. A number of results in this vein were obtained by combinatorial approaches
initiated by D. Foata and V. Strehl in [8] supplemented by umbral methods, see [9]
and references therein. This methodology culminated recently in a tandem study of
various lacunary generating functions of Laguerre polynomials derived by purely umbral-
type [1] and purely combinatorial methods [10]. Only a few results are currently available
for lacunary generating functions of Hermite polynomials: the double lacunary case has
been combinatorially re-derived by D. Foata in [11], whereas the more challenging triple-
lacunary generating function has been derived by both umbral and combinatorial methods
in [12]. Finally, several new lacunary generating functions for Legendre and Chebyshev
polynomials were obtained recently by a combination of analytic and umbral methods
in [13]. To conclude our short survey of results known previously in the literature, let
us comment that there exists a related result due to Nieto and Truax [14], which (in the
form adapted to the two-variable Hermite polynomials Hn(x, y) as presented in [6, 15])
reads for K ∈ Z≥1, L ∈ Z≥0 and L < K
SK,L(λ; x, y) :=
∞∑
n=0
λn·K+L
(n ·K + L)!
Hn·K+L(x, y)(3a)
=
1
K
K∑
ℓ=1
exτℓ+yτ
2
ℓ
e2πiℓL/K
, τℓ := λe
2πiℓ/K .(3b)
Note however that this type of generating function is not the lacunary exponential type
studied in the present paper.
We believe to have extended the knowledge of these objects by providing a general
methodology for the study of lacunary generating functions. Indeed, our results are
obtained by specialization of a general algorithm developed by us here (see Lemma 1 and
Corollary 1). Quite remarkably, it takes as its input just the coefficients gr,m(y) of the
elementary exponential generating functions G1,0(λ; x, y), defined via
G1,0(λ; x, y) =
∞∑
n=0
λn
n!
pn(x, y)(4a)
=
∞∑
r=0
xr
∞∑
m=0
λr+m
(r +m)!
gr,m(y) ,(4b)
and returns (for arbitrary parameters K = 1, 2, . . . and L = 0, 1, . . . ) closed-form ex-
pressions for the K-tuple L-shifted lacunary generating functions GK,L(λ; x, y). Armed
with this technique, we derive all lacunary generating functions HK,L(λ; x, y) for the two-
variable Hermite polynomials Hn(x, y) (see Theorem 1, and also Table 1 and Table 2 for
a number of examples).
The paper is structured as follows: in Section 2, we derive our general algorithm for
computing lacunary generating functions. These results are specialized in Section 3 to the
case of two-variable Hermite-polynomials. Additional details of the proofs are provided in
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Appendix A. For the readers’ convenience, an elementary Maple code for algorithmically
verifying some of our explicit formulae of Table 1 is given in Appendix B.
2. An algorithm for computing lacunary generating functions
Suppose we are given a sequence of polynomials pn(x, y), for n ≥ 0, i.e. one polynomial
for each non-negative integer index n and such that
degx(pn(x, y)) = n .
Typically, we will consider the variable y as a formal parameter, and focus on expansions
in terms of the variable x. Note also that one could without additional complications
admit multiple variables y1, y2, . . . instead of a single “parameter” variable y, so we will,
without loss of generality, consider here only the case of a single “parameter” variable y.
Given a particular set of polynomials, one may compute the exponential generating
function G(λ; x, y) for this set as
G(λ; x, y) :=
∞∑
n=0
λn
n!
pn(x, y)(5a)
=
∞∑
r=0
xr
∞∑
m=0
λr+m
(r +m)!
gr,m(y) .(5b)
While the form as presented in (5a) merely amounts to re-encoding of the information
available via the explicit definition of the polynomials pn(x, y), the form (5b) in fact
necessitates a calculation: equation (5a) must be expanded into powers of x and then
further in powers of the formal variable λ, which (in the specific pairing of powers λr+m
with 1/(r + m)!) defines a set of expansion coefficients gr,m(y). To provide a concrete
example, we demonstrate the calculation for the case of the two-variable Hermite polyno-
mials Hn(x, y) that will play a central role later. Their exponential generating function
H(λ; x, y) reads [3, 6]
(6) H(λ; x, y) :=
∞∑
n=0
λn
n!
Hn(x, y) = e
λx+λ2y .
To obtain the form as described in (5b), we expand the EGF first in terms of the variable
x, and then in terms of the variable λ:
(7)
H(λ; x, y) = eλx+λ
2y
=
(
∞∑
r=0
xr λ
r
r!
)
eλ
2y
=
∞∑
r=0
xr
∞∑
m=0
λr+2m
r!m!
ym
=
∞∑
r=0
xr
∞∑
m=0
λr+2m
(r + 2m)!
(
(r + 2m)! ym
r!m!
)
=
∞∑
r=0
xr
∞∑
m=0
λr+2m
(r + 2m)!
hr, 2m(y) .
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Consequently, for these polynomials by comparison with the defining equation (5b), we
find that gr,m(y) = 0 for m odd, and
(8) gr, 2m(y) =
(r + 2m)!ym
r!m!
.
Given again a set of polynomials pn(x, y), one may also define a more general fam-
ily of generating functions, the so-called K-tuple L-shifted lacunary generating functions
GK,L(λ; x, y) (for K ∈ Z≥1 and L ∈ Z≥0):
GK,L(λ; x, y) :=
∞∑
n=0
λn
n!
pK·n+L(x, y)(9a)
=
∞∑
r=0
xr
∞∑
m=0
λr+m
(r +m)!
g(K,L)r,m (y) .(9b)
Note that by definition,
(10) G1,0(λ; x, y) ≡ G(λ; x, y) .
Before we continue with further elaborations, we wish to clarify the precise framework
within which the series rearrangements that are essential to our methods are well-posed.
2.1. Summability. Polynomials or series of any sort are functions M → k where M is
a set of monomials (a monoid1) and k its set of coefficients (R,C any ring as a ring of
polynomials or series). In order to manipulate safely infinite sums, such as in the transition
from (5a) to the form (5b), these spaces are endowed with the notion of summability.
Definition 1. A family of series (Si)i∈I is said summable [16] if it is locally finite [17]
i.e. if
(11) (∀m ∈M)
(
|{i ∈ I|〈Si | m〉 6= 0}| <∞
)
,
where 〈Si | m〉 stands for “the coefficient of the monomial m in Si”.
In this case ((Si)i∈I is summable) we say that S =
∑
i∈I Si where, for all m ∈M
(12) 〈S | m〉 =
∑
i∈I
〈Si | m〉 .
Remarks 1. i) In k[|x]] (series of one variable) M = {xn}n≥0, the family {(x+x
2)n}n≥0
is summable (with sum 1
1−x−x2
), while {(x+ 1)n}n≥0 is not.
ii) As an “a posteriori” justification, for all series S, one can easily check that the family
(〈S | m〉m)m∈M is summable with sum S, hence the additive notation can be rigorously
set as
(13) S =
∑
m∈M
〈S | m〉m.
iii) The reader aware of topology will find that this notion is none other that the summabil-
ity for the topology of point-wise convergence (on M), k being endowed with the discrete
topology [18].
iv) The sequence
(
(1 + x
n
)n
)
n≥1
converges towards ex, but coefficient by coefficient, this
1The product of two monomials is a monomial, there exists a neutral for this multiplication, the void
monomial.
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is a coarser topology, with – this time – R endowed with the usual topology, i.e. Treves’
topology [19, 20].
We will now present first a closed-form equation that makes explicit the relationship
between the expansion coefficients g
(K,L)
r,m (y), see equation (9b), and the expansion coeffi-
cients g
(1,0)
r,m (y) of the exponential generating function G1,0(λ; x, y), see equation (10).
2.2. Lacunary shifts. It follows directly from the definition given in (9a) that the oper-
ator
(14) SL :=
(
∂
∂λ
)L
implements the action of lacunary shifts on exponential generating functions GK,0(λ; x, y):
(15) SL (GK,0(λ; x, y)) =
∞∑
n=L
λn−L
(n− L)!
pn·K(x, y) =
∞∑
n=0
λn
n!
pnK+L(x, y) = GK,L(λ; x, y) .
While it may be intricate in its own right to extract from this equation the lacunary
expansion coefficients g
(1,L)
r,m (y) as defined in (9b), this computation is in principle straight-
forward. Therefore we will focus in this paper mostly on providing formulae for the
lacunary dilatations characterized by an integer K. However, for the explicit application
example as presented in Section 3, we will be able to take advantage of certain operational
techniques particular to the Hermite polynomials in order to compute the lacunary shifts
of their respective generating functions in closed form.
2.3. Lacunary dilatations. According to the definition given in (9a), the so-called K-
fold lacunary dilatation (for K ∈ Z≥1) is implemented by means of the (formal) operator,
which acts on formal series F (λ) via
(16) LK(F (λ)) := F (λ)
∣∣
λn 7→ δ(n mod K),0
n!
(n/K)!
λ(n/K)
.
Consequently, the action of LK may be considered as a transformation of monomials in
the spirit of Section 2.1. Indeed,
LK (G1,L(λ; x, y)) =
∞∑
n=0
λn
n!
(
δ(n mod K),0
n!
(n/K)!
λ(n/K)
λn
)
pn+L(x, y)(17a)
=
∞∑
r=0
λr
r!
pr·K+L(x, y) = GK,L(λ; x, y) ,(17b)
where in (17b), r = n/K.
Note at this point that the operators SL and LK (for K = 1, 2, . . . and L = 0, 1, . . . )
allow to implement the derivation of arbitrary lacunary generating functions GK,L(λ; x, y)
from the initial knowledge of the exponential generating function G1,0(λ; x, y) as defined
in (10).
Assume now that we are given either the exponential generating function G1,0(λ; x, y)
of some polynomials pn(x, y), or the L-shifted version G1,L(λ; x, y) thereof, and introduce
for notational simplicity the notation G(λ; x, y) for either choice of generating function
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(in a slight abuse in light of previous notations). We thus assume that we are given an
equation of the generic form
(18) G(λ; x, y) =
∞∑
r=0
xr
∞∑
m=0
λr+m
(r +m)!
gr,m(y) .
With these notational preparations, computing a K-fold lacunary dilatation of G(λ; x, y)
amounts to extracting the coefficients g
(K,0)
r,m (y) in explicit form via expanding LK(G(λ; x, y))
in powers of x, and then further in powers of λ. The only technical tool necessary is an
elementary procedure to resolve the summations over mod K-classes involved in the
definition.
Lemma 1. The explicit form for the K-fold lacunary dilatation LK(G(λ; x, y)) (K ∈ Z≥1)
of a generating function G(λ; x, y) with expansion coefficients gr,m(y) reads
(19)
GK,0(λ; x, y) = LK (G(λ; x, y))
=
∞∑
s=0
xs·K
∞∑
q=0
λs+q
(s+ q)!
gs·K,q·K(y)
+
K−1∑
α=1
∞∑
s=0
x(s+1)·K−α
∞∑
q=0
λs+q+1
(s+ q + 1)!
g(s+1)·K−α, q·K+α .
Proof. The argument follows from splitting the summation over r in LK(G(λ; x, y) (with
G(λ; x, y) expanded in the form described in (5b)) into modK-classes, which consequently
leads to a modification of the summation over the second index m. We refer the readers
to Appendix A.1 for the precise details. 
In practical applications, it is often the case that the expansion coefficients gr,m have
further structure, e.g. as in the case of the Hermite polynomials (discussed in the next
section) that only the coefficients with second index m even are non-zero. We thus present
the following corollary for this specific scenario, which will play an important role in the
explicit calculation of closed-form expressions for the lacunary generating functions of
the Hermite polynomials. Note also that one could easily adapt our approach to other
scenarios in which the second indices m fulfill a mod N constraint (for N ∈ Z≥3 some
non-negative integer) via an entirely analogous argument.
Corollary 1. The explicit form for the K-fold lacunary shift LK(G(λ; x, y)) (K ∈ Z≥1) of
a generating function G(λ; x, y) with expansion coefficients gr,m(y) splits into a part which
only contains summands with even second indices m of gr,m(y) (marked “part E”) and a
part involving odd second indices only (marked “part O”). It reads for the case K = 2T
LACUNARY GENERATING FUNCTIONS OF HERMITE POLYNOMIALS 7
(with T ∈ Z≥1)
LK=2T (G(λ; x, y)) =
[part E ∞∑
s=0
xs·K
∞∑
q=0
λs+q
(s+ q)!
gs·K,q·K(y)
(20a)
+
T−1∑
β=1
∞∑
s=0
x(s+1)·K−2β
∞∑
q=0
λs+q+1
(s+ q + 1)!
g(s+1)·K−2β, q·K+2β
]
(20b)
+
[part O T∑
β=1
∞∑
s=0
x(s+1)·K−2β+1
∞∑
q=0
λs+1+1
(s+ q + 1)!
g(s+1)·K−2β+1, q·K+2β−1
]
,(20c)
and for the case K = 2T + 1 (with T ∈ Z≥1)
LK=2T+1 (G(λ; x, y)) =
[part E ∞∑
s=0
xs·K
∞∑
ℓ=0
λs+2ℓ
(s+ 2ℓ)!
gs·K,2ℓ·K(y)
(21a)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β
∞∑
ℓ=0
λs+2ℓ+1
(s+ 2ℓ+ 1)!
g(s+1)·K−2β,2ℓ·K+2β(21b)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β+1
∞∑
ℓ=0
λs+2ℓ+2
(s+ 2ℓ+ 2)!
g(s+1)·K−2β+1, (2ℓ+1)·K+2β−1
]
(21c)
+
[part O ∞∑
s=0
xs·K
∞∑
ℓ=0
λs+2ℓ+1
(s+ 2ℓ+ 1)!
gs·K, (2ℓ+1)·K(y)(21d)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β+1
∞∑
ℓ=0
λs+2ℓ+1
(s+ 2ℓ+ 1)!
g(s+1)·K−2β+1, (2ℓ)·K+2β−1(21e)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β
∞∑
ℓ=0
λs+2ℓ+2
(s+ 2ℓ+ 2)!
g(s+1)·K−2β, (2ℓ+1)·K+2β
]
.(21f)
Proof. The proof follows from a subdivision of summation ranges as detailed in Appen-
dix A.2. 
3. Hermite polynomials
Due to their paramount importance in special functions theory and in the development
of operational techniques (cf. e.g. [6, 22]), we will now present as an application of our
general algorithm the computation of all higher order lacunary generating functions for
the Hermite-Kampe´ de Fe´riet polynomials [5, 6] (with n ∈ Z≥0):
(22) Hn(x, y) := e
y d
2
dx2 xn = n!
⌊n
2
⌋∑
k=0
xn−2kyk
(n− 2k)!k!
.
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It is well-known that these polynomials possess the exponential generating function (com-
pare (6))
H1,0(λ; x, y) :=
∞∑
n=0
λn
n!
Hn(x, y) = e
y d
2
dx2 eλx(23a)
= eλx+λ
2y .(23b)
Here and from now on, we will take the notational convention that the generating func-
tions GK,L(λ; x, y) for the two-variable Hermite polynomials Hn(x, y) will be denoted
HK,L(λ; x, y).
The above formula is a straightforward consequence of the Crofton identity [21] (see
also [6, Eq. (I.3.17)] and [22]), according to which, for m ∈ Z≥1, λ a formal variable and
f(x), g(x) formal power series in x, we have the following equality of operators (which are
the expressions between [. . . ]):
(24)
[
exp
(
λ
dm
dxm
)
f(x)
]
g(x) =
[
f
(
x+mλ
dm−1
dxm−1
)
exp
(
λ
dm
dxm
)]
g(x) .
As a second important consequence of this identity, we find a significant reduction of the
complexity of determining the lacunary generating functions of the Hermite polynomials:
surprisingly enough, instead of having to compute explicitly the shifts H1,L(λ; x, y) of the
exponential generating function H1,0(λ; x, y), followed by application of Corollary 1 to
compute HK,L(λ; x, y), we can take advantage of operational techniques to derive an ex-
ponential generating for all shifts in closed form. Note that for some ranges of parameters
(i.e. for K = 1, 2 and L ∈ Z≥1), formulae equivalent to our result (26) below have been
presented already in [6, 15].
Proposition 1. Define the exponential generating function2 of the lacunary shiftsHK,L(λ; x, y)
of the K-tuple lacunary generating function HK,0(λ; x, y) of the polynomials Hn(x, y) as
(25)
RK(µ;λ; x, y) :=
∞∑
L=0
µL
L!
HK,L(λ; x, y)
(17)
=
∞∑
L=0
µL
L!
LK (H1,L(λ; x, y))
(15)
=
∞∑
L=0
µL
L!
LK
((
∂
∂λ
)L
(H1,0(λ; x, y))
)
= LK
(
eµ
∂
∂λH1,0(λ; x, y)
)
.
Then by virtue of the Crofton identity and of a semi-linear normal-ordering technique [6],
one finds that
(26) RK(µ;λ; x, y) = e
µx+µ2yHK,0(λ; x+ 2µy, y) = H1,0(µ; x, y)HK,0(λ; x+ 2µy, y) .
2In a sense, RK(µ;λ;x, y) is the exponential generating function of other types of exponential gener-
ating functions, a slightly unusual, yet rather useful construct. Note also that these manipulations are
admissible in the framework according to Section 2.1.
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Consequently, as one of the key results of this paper, we find that
(27) HK,L(λ; x, y) =
[(
∂
∂µ
)L
RK(µ;λ; x, y)
] ∣∣∣∣
µ7→0
Proof. Partially evaluating the formula for HK(µ;λ; x, y),
RK(µ;λ; x, y) = LK
(
eµ
∂
∂λH1,0(λ; x, y)
)
(28a)
(23a)
= LK
(
eµ
∂
∂λey
d2
dx2 eλx
)
(28b)
= LK
(
ey
d2
dx2 eµ
∂
∂λeλx
)
(28c)
= LK
(
ey
d2
dx2 eµxeλx
)
,(28d)
and applying the Crofton identity (24) (to move the operator exp(y d
2
dx2
) past the operator
exp(µx)) yields
(29) RK(µ;λ; x, y) = LK
(
eµ(x+2y
d
dx
)ey
d2
dx2 eλx
)
.
At this point, note that the operator exp(µ(x+2y d
dx
)) is independent of the formal variable
λ, whence this operator and the lacunary dilatation operator LK commute:
RK(µ;λ; x, y) = e
µ(x+2y d
dx
)
(
LK
(
ey
d2
dx2 eλx
))
(30a)
(23a)
= eµ(x+2y
d
dx
) (LK (H1,0(λ; x, y)))(30b)
(17)
= eµ(x+2y
d
dx
)HK,0(λ; x, y) .(30c)
This formula may be further improved via applying a certain semi-linear normal ordering
technique (see Appendix A.3 for the precise details) to obtain the final result as stated,
whence for every formal power series f(x) (and for µ a formal variable),
(31)
eµ(x+2y
d
dx
)f(x) = g(µ; x)f(T (µ; x))
g(µ; x) = eµx+µ
2y , T (µ; x) = x+ 2µy .

Due to this proposition, our task of determining closed-form equations for all higher
order lacunary generating functions HK,L(λ; x, y) effectively collapses to the slightly sim-
pler task of determining the lacunary generating functions HK,0(λ; x, y) for K ∈ Z≥1. We
will employ the generic algorithm as presented in Lemma 1 in the variant as presented
in Corollary 1, since the expansion coefficients h
(1,0)
r,m (y) of the exponential generating
function H1,0(λ; x, y) defined via
(32) H1,0(λ; x, y) :=
∞∑
n=0
λn
n!
Hn(x, y) = e
λx+λ2y =
∞∑
r=0
xr
∞∑
m=0
λr+m
(r +m)!
h(1,0)r,m (y)
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fulfill
(33) h(1,0)r,m (y) = δ(m mod 2),0
(r +m)!y
m
2
r!(m
2
)!
.
This entails in particular that our task further reduces to applying the explicit formula
for the “even parts” (marked “part E”) given in Corollary 1 for K = 2T and K = 2T +1,
respectively.
It will further prove convenient to recall the Gauss-Legendre multiplication formula [23,
Eq. 5.5.6] for Gamma functions (for n · z 6∈ Z≤0),
(34) Γ(nz) = nnz−
1
2 (2π)
(1−n)
2
n−1∏
j=0
Γ
(
z +
j
n
)
.
More precisely, we will make use of the following variant of this formula: for n(s+x), nx ∈
C \ Z≤0, n ∈ Z≥2 and s ∈ Z≥0, we have that
(35) Γ(n(s+ x)) = (ns·n) Γ(nx)
n−1∏
j=0
(
x+
j
n
)
s
,
with the Pochhammer symbol (a)b defined according to the convention
(a)b :=
Γ(a+ b)
Γ(a)
.
Let us also fix notations for hypergeometric functions [7, 4] as
(36) pFq
[
a1, . . . , ap
b1, . . . , bq
; z
]
:=
∞∑
s=0
zs
s!
(a1)s . . . (ap)s
(b1)s . . . (bq)s
,
and let us denote sequences in the form
(
fi
)
1≤i≤n
, such as in
(37) pFq
[(
ai
)
1≤i≤p(
bj
)
1≤i≤q
; z
]
:= pFq
[
a1, . . . , ap
b1, . . . , bq
; z
]
.
With these preparations, we are now in a position to state another key result of this
paper, whence a closed-form expression for all K-tuple lacunary generating functions
HK,0(λ; x, y) of the Hermite polynomials Hn(x, y) in infinite-series form:
Theorem 1. The K-tuple lacunary generating functions HK,0(λ; x, y) read for K = 2T
(T ∈ Z≥1)
(38)
HK=2T,0(λ; x, y) =
∞∑
s=0
λs
s!
x2Ts (2T−1)F(T−1)
[(
s+ j+1
2T
)
0≤j≤2T−2(
ℓ+1
T
)
0≤ℓ≤T−2
;λ(4Ty)T
]
+
T−1∑
β=1
∞∑
s=0
λs+1
(s+1)!
x2T (s+1)−2β yβ
(
(2T (s+1))!
(2T (s+1)−2β)!β!
)
·
· (2T−1)F(T−1)

(s+ 1 + j+12T )0≤j≤2T−2(
β+ℓ+1
T
)
0≤ℓ≤T−1
ℓ 6=T−1−β
;λ(4Ty)T

 ,
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and for K = 2T + 1 (with T ∈ Z≥1)
(39)
HK=2T+1,0(λ; x, y) =
∞∑
s=0
λs
s!
xKs (2K−2)F(K−1)


(
s
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
ℓ+1
K
)
0≤ℓ≤K−2
; λ
2(4Ky)K
4


+
T∑
β=1
∞∑
s=0
λs+1
(s+1)!
xK(s+1)−2β yβ
(
(K(s+1))!
(K(s+1)−2β)!β!
)
·
· (2K−2)F(K−1)


(
s+1
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
β+ℓ+1
K
)
0≤ℓ≤K−1
ℓ 6=K−1−β
; λ
2(4Ky)K
4


+
T∑
β=1
∞∑
s=0
λs+2
(s+2)!
xK(s+2)−2(T+β) yT+β
(
(K(s+2))!
(K(s+2)−2(T+β))!(T+β)!
)
·
· (2K−2)F(K−1)


(
s+2
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
T+β+ℓ+1
K
)
0≤ℓ≤K−1
ℓ 6=T−β
; λ
2(4Ky)K
4

 .
Proof. The proof follows by specializing Corollary 1 to the case at hand and by making
repeated use of equation (35) in order to transform the resulting terms into the form
presented in the theorem. 
Since the precise details of the above calculations might be of independent interest to
some of the readers, we present the case K = 4 in the form of a worked example. Based
on formula (33) for the expansion coefficients h
(1,0)
r,m of the exponential generating function
H1,0(λ; x, y) of the Hermite polynomials Hn(x, y), and taking advantage of Corollary 1
(whence making use of the formula for even K = 2T , of which moreover only the parts
marked part E contribute in the case at hand), we obtain the following expression:
(40)
H4,0(λ; x, y) =
∞∑
s=0
x4s
∞∑
q=0
λs+q
(s+ q)!
h
(1,0)
4s, 4q(y)
+
∞∑
s=0
x4s+2
∞∑
q=0
λs+q+1
(s+ q + 1)!
h
(1,0)
4s+2, 4q+2(y)
=
∞∑
s=0
x4s
∞∑
q=0
λs+q(4(s+ q))!y2q
(s+ q)!(4s)!(2q)!
+
∞∑
s=0
x4s+2
∞∑
q=0
λs+q+1(4(s+ q + 1))!y2q+1
(s+ q + 1)!(4s+ 2)!(2q + 1)!
.
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Applying formula (35) repeatedly, we find the auxiliary relations
(4(s+ q))! = 44qΓ(4s+ 1)
3∏
j=0
(
s+ j+1
4
)
q
= 44q(4s)!
(
s+ 3+1
4
)
q
2∏
j=0
(
s+ j+1
4
)
q
= 4
4q(4s)!(s+q)!
q!
2∏
j=0
(
s+ j+1
4
)
q
(since (s+ 1)q =
Γ(s+q+1)
Γ(s+1)
)
(2q)! = 22qΓ(1)
1∏
j=0
(
j+1
2
)
q
= 4q
(
1
2
)
q
q! (since (1)q =
Γ(q+1)
Γ(1)
= q!) ,
and analogously for (4(s + q + 1))! and (2q + 1)!, respectively. Inserting these results
into (40), we recover the formula for H4,0(λ; x, y) as presented in Theorem 1 (see also
Table 1):
(41)
H4,0(λ; x, y) =
∞∑
s=0
x4s
∞∑
q=0
λs+q 44q(4s)!(s+q)!y2q
∏2
j=0(s+
j+1
4 )q
(s+q)!(4s)!s!4q( 12)qq!
+
∞∑
s=0
x4s+2
∞∑
q=0
λs+q+1 44q(4(s+1))!(s+q+1)!y2q+1
∏2
j=0(s+1+
j+1
4 )q
(s+q+1)!(4s+2)!(s+1)!4qq!( 32)q
=
∞∑
s=0
λs
s!
x4s
∞∑
q=0
(λ(23y)2)q
q!
∏2
j=0(s+
j+1
4 )q
( 12)q
+
∞∑
s=0
λs+1
(s+1)!
x4s+2y
(
(4(s+1))!
(4(s+1)−2)!
) ∞∑
q=0
(λ(23y)2)q
q!
∏2
j=0(s+1+
j+1
4 )q
( 32)q
=
∞∑
s=0
λs
s!
x4s3F1
[
s+ 1
4
, s+ 2
4
, s+ 3
4
1
2
;λy226
]
+
∞∑
s=0
λs+1
(s+1)!
x4s+2y
(
(4(s+1))!
(4(s+1)−2)!
)
·
· 3F1
[
s+ 1 + 1
4
, s+ 1 + 2
4
, s+ 1 + 3
4
3
2
;λy226
]
.
Note in particular the appearance of Hermite polynomial expansion coefficients in the
formulae for HK,0(λ; x, y) as presented in Theorem 1 – for example, the fraction of fac-
torials appearing in the second to last line of (41) coincides with the coefficient of the
monomial x4s+2y of the Hermite polynomial H4(s+1)(x, y) (compare (22)),
H4(s+1)(x, y) =
2(s+1)∑
k=0
(4(s+ 1))!
(4(s+ 1)− 2k)!k!
x4(s+1)−2kyk .
Combining the results of Theorem 1 with the results of Proposition 1, we have at our
disposal explicit formulae for all higher order lacunary generating functions of the Hermite
polynomials Hn(x, y).
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Corollary 2. The K-tuple L-shifted lacunary generating functions HK,L(λ; x, y) read for
K = 2T (T ∈ Z≥1) and L ∈ Z≥0
(42)
HK=2T,L(λ; x, y)
=
∞∑
s=0
λs
s!
(
L∑
q=0
q!
(
L
q
)(
Ks
q
)
HL−q(x, y) x
Ks−q(2y)q
)
·
· (K−1)F(T−1)
[(
s+ j+1
K
)
0≤j≤K−2(
ℓ+1
T
)
0≤ℓ≤T−2
;λ(2Ky)T
]
+
T−1∑
β=1
∞∑
s=0
λs+1
(s+1)!
( L∑
q=0
q!
(
L
q
)(
K(s+ 1)− 2β
q
)
HL−q(x, y) ·
· xK(s+1)−2β−q 2q yβ+q
) (
(K(s+1))!
(K(s+1)−2β)!β!
)
·
· (K−1)F(T−1)

(s + 1 + j+1K )0≤j≤K−2(
β+ℓ+1
T
)
0≤ℓ≤T−1
ℓ 6=T−1−β
;λ(2Ky)T

 ,
and for K = 2T + 1 (with T ∈ Z≥1)
(43)
HK=2T+1,L(λ; x, y)
=
∞∑
s=0
λs
s!
(
L∑
q=0
q!
(
L
q
)(
Ks
q
)
HL−q(x, y) x
Ks−q(2y)q
)
·
· (2K−2)F(K−1)


(
s
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
ℓ+1
K
)
0≤ℓ≤K−2
; λ
2(4Ky)K
4


+
T∑
β=1
∞∑
s=0
λs+1
(s+1)!
( L∑
q=0
q!
(
L
q
)(
K(s+ 1)− 2β
q
)
HL−q(x, y) ·
· xK(s+1)−2β−q 2q yβ+q
) (
(K(s+1))!
(K(s+1)−2β)!β!
)
·
· (2K−2)F(K−1)


(
s+1
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
β+ℓ+1
K
)
0≤ℓ≤K−1
ℓ 6=K−1−β
; λ
2(4Ky)K
4


+
T∑
β=1
∞∑
s=0
λs+2
(s+2)!
( L∑
q=0
q!
(
L
q
)(
K(s+ 2)− 2(T + β)
q
)
HL−q(x, y) ·
· xK(s+2)−2(T+β)−q 2q yT+β+q
) (
(K(s+2))!
(K(s+2)−2(T+β))!(T+β)!
)
·
· (2K−2)F(K−1)


(
s+2
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
T+β+ℓ+1
K
)
0≤ℓ≤K−1
ℓ 6=T−β
; λ
2(4Ky)K
4

 .
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Proof. See Appendix A.4 for the details. 
For the readers’ convenience, we present some explicit results forHK,0(λ; x, y) in Table 1,
as well as several examples of shifted lacunary generating functions HK,L(λ; x, y) (for
K = 3, 4 and L = 1, 2, 3) obtained via Corollary 2 in Table 2. To the best of our
knowledge, all of these results past K = 2 are new.
4. Conclusion
Taking advantage of the summability properties of exponential generating functions
of polynomial sequences, we provide novel re-summation techniques combined with op-
erational methods in order to compute higher order lacunary generating functions of
polynomials of all types. The application of these techniques to the case of two-variable
Hermite polynomials Hn(x, y) furnished explicit formulae for an infinite set of K-tuple
L-shifted lacunary generating functions HK,L(λ; x, y), which subsume the known expres-
sions for H1,L(λ; x, y) [7], H2,0(λ; x, y) [11, 8, 9] and H3,0(λ; x, y) [12]. For the convenience
of readers who would like to perform experimental mathematics around our methods, we
provide some explicit examples for HK,0(λ; x, y) for K = 1, . . . , 10 in Table 1 as well as
some Maple code in Appendix B.
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Table 1 Lacunary generating functions HK,0(λ;x; y) for the bi-variate Hermite polynomials Hn(x, y) and K = 1 . . . 10.
H1,0(λ;x, y) = e
λx+λ2y
H2,0(λ;x, y) =
∑∞
s=0
λs
s! x
2s
1F0
[
s+ 1
2− ;λy 2
2
]
= 1√
1−4λy e
x2λ√
1−4λy
H3,0(λ;x, y) =
∑∞
s=0
λs
s! x
3s
4F2
[
s
2
+ 1
6
, s
2
+ 1
3
, s
2
+ 2
3
, s
2
+ 5
6
1
3
, 2
3
;λ2y3 2433
]
+
∑∞
s=0
λs+1
(s+1)! x
3s+1 y
(
(3(s+1))!
(3(s+1)−2)!
)
4F2
[
s+1
2
+ 1
6
, s+1
2
+ 1
3
, s+1
2
+ 2
3
, s+1
2
+ 5
6
2
3
, 4
3
;λ2y3 2433
]
+
∑∞
s=0
λs+2
(s+2)! x
3s+2 y2
(
(3(s+2))!
(3(s+2)−4)!2!
)
4F2
[
s+2
2
+ 1
6
, s+2
2
+ 1
3
, s+2
2
+ 2
3
, s+2
2
+ 5
6
4
3
, 5
3
;λ2y3 2433
]
H4,0(λ;x, y) =
∑∞
s=0
λs
s! x
4s
3F1
[
s+ 1
4
, s+ 1
2
, s+ 3
4
1
2
;λy2 26
]
+
∑∞
s=0
λs+1
(s+1)! x
4s+2 y
(
(4(s+1))!
(4(s+1)−2)!
)
3F1
[
(s+1)+ 1
4
, (s+1)+ 1
2
, (s+1)+ 3
4
3
2
;λy2 26
]
H5,0(λ;x, y) =
∑∞
s=0
λs
s! x
5s
8F4
[
s
2
+ 1
10
, s
2
+ 1
5
, s
2
+ 3
10
, s
2
+ 2
5
, s
2
+ 3
5
, s
2
+ 7
10
, s
2
+ 4
5
, s
2
+ 9
10
1
5
, 2
5
, 3
5
, 4
5
;λ2y5 2855
]
+
∑∞
s=0
λs+1
(s+1)! x
5s+3 y
(
(5(s+1))!
(5(s+1)−2)!
)
8F4
[
s+1
2
+ 1
10
, s+1
2
+ 1
5
, s+1
2
+ 3
10
, s+1
2
+ 2
5
, s+1
2
+ 3
5
, s+1
2
+ 7
10
, s+1
2
+ 4
5
, s+1
2
+ 9
10
2
5
, 3
5
, 4
5
, 6
5
;λ2y5 2855
]
+
∑∞
s=0
λs+1
(s+1)! x
5s+1 y2
(
(5(s+1))!
(5(s+1)−4)!2!
)
8F4
[
s+1
2
+ 1
10
, s+1
2
+ 1
5
, s+1
2
+ 3
10
, s+1
2
+ 2
5
, s+1
2
+ 3
5
, s+1
2
+ 7
10
, s+1
2
+ 4
5
, s+1
2
+ 9
10
3
5
, 4
5
, 6
5
, 7
5
;λ2y5 2855
]
+
∑∞
s=0
λs+2
(s+2)! x
5s+4 y3
(
(5(s+2))!
(5(s+2)−6)!3!
)
8F4
[
s+2
2
+ 1
10
, s+2
2
+ 1
5
, s+2
2
+ 3
10
, s+2
2
+ 2
5
, s+2
2
+ 3
5
, s+2
2
+ 7
10
, s+2
2
+ 4
5
, s+2
2
+ 9
10
4
5
, 6
5
, 7
5
, 8
5
;λ2y5 2855
]
+
∑∞
s=0
λs+2
(s+2)! x
5s+2 y4
(
(5(s+2))!
(5(s+2)−8)!4!
)
8F4
[
s+2
2
+ 1
10
, s+2
2
+ 1
5
, s+2
2
+ 3
10
, s+2
2
+ 2
5
, s+2
2
+ 3
5
, s+2
2
+ 7
10
, s+2
2
+ 4
5
, s+2
2
+ 9
10
6
5
, 7
5
, 8
5
, 9
5
;λ2y5 2855
]
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H6,0(λ;x, y) =
∑∞
s=0
λs
s! x
6s
5F2
[
s+ 1
6
, s+ 1
3
, s+ 1
2
, s+ 2
3
, s+ 5
6
1
3
, 2
3
;λy3 2633
]
+
∑∞
s=0
λs+1
(s+1)! x
6s+4 y
(
(6(s+1))!
(6(s+1)−2)!
)
5F2
[
(s+1)+ 1
6
, (s+1)+ 1
3
, (s+1)+ 1
2
, (s+1)+ 2
3
, (s+1)+ 5
6
2
3
, 4
3
;λy3 2633
]
+
∑∞
s=0
λs+1
(s+1)! x
6s+2 y2
(
(6(s+1))!
2!(6(s+1)−4)!
)
5F2
[
(s+1)+ 1
6
, (s+1)+ 1
3
, (s+1)+ 1
2
, (s+1)+ 2
3
, (s+1)+ 5
6
4
3
, 5
3
;λy3 2633
]
H7,0(λ;x, y) =
∑∞
s=0
λs
s! x
7s
12F6
[
s
2
+ 1
14
, s
2
+ 2
14
, ... , s
2
+ 13
14
1
7
, 2
7
, 3
7
, 4
7
, 5
7
, 6
7
;λ2y7 21277
]
+
∑∞
s=0
λs+1
(s+1)! x
7s+5 y
(
(7(s+1))!
(7(s+1)−2)!
)
12F6
[
s+1
2
+ 1
14
, s+1
2
+ 2
14
, ... , s+1
2
+ 13
14
2
7
, 3
7
, 4
7
, 5
7
, 6
7
, 8
7
;λ2y7 21277
]
+
∑∞
s=0
λs+1
(s+1)! x
7s+3 y2
(
(7(s+1))!
(7(s+1)−4)!2!
)
12F6
[
s+1
2
+ 1
14
, s+1
2
+ 2
14
, ... , s+1
2
+ 13
14
3
7
, 4
7
, 5
7
, 6
7
, 8
7
, 9
7
;λ2y7 21277
]
+
∑∞
s=0
λs+1
(s+1)! x
7s+1 y3
(
(7(s+1))!
(7(s+1)−6)!3!
)
12F6
[
s+1
2
+ 1
14
, s+1
2
+ 2
14
, ... , s+1
2
+ 13
14
4
7
, 5
7
, 6
7
, 8
7
, 9
7
, 10
7
;λ2y7 21277
]
+
∑∞
s=0
λs+2
(s+2)! x
7s+6 y4
(
(7(s+2))!
(7(s+2)−8)!4!
)
12F6
[
s+2
2
+ 1
14
, s+2
2
+ 2
14
, ... , s+2
2
+ 13
14
5
7
, 6
7
, 8
7
, 9
7
, 10
7
, 11
7
;λ2y7 21277
]
+
∑∞
s=0
λs+2
(s+2)! x
7s+4 y5
(
(7(s+2))!
(7(s+2)−10)!5!
)
12F6
[
s+2
2
+ 1
14
, s+2
2
+ 2
14
, ... , s+2
2
+ 13
14
6
7
, 8
7
, 9
7
, 10
7
, 11
7
, 12
7
;λ2y7 21277
]
+
∑∞
s=0
λs+2
(s+2)! x
7s+2 y6
(
(7(s+2))!
(7(s+2)−12)!6!
)
12F6
[
s+2
2
+ 1
14
, s+2
2
+ 2
14
, ... , s+2
2
+ 13
14
8
7
, 9
7
, 10
7
, 11
7
, 12
7
, 13
7
;λ2y7 21277
]
H8,0(λ;x, y) =
∑∞
s=0
λs
s! x
8s
7F3
[
s+ 1
8
, s+ 1
4
, s+ 3
8
, s+ 1
2
, s+ 5
8
, s+ 3
4
, s+ 7
8
1
4
, 1
2
, 3
4
;λy4 216
]
+
∑∞
s=0
λs+1
(s+1)! x
8s+6 y
(
(8(s+1))!
(8(s+1)−2)!
)
7F3
[
(s+1)+ 1
8
, (s+1)+ 1
4
, (s+1)+ 3
8
, (s+1)+ 1
2
, (s+1)+ 5
8
, (s+1)+ 3
4
, (s+1)+ 7
8
1
2
, 3
4
, 5
4
;λy4 216
]
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Table 1 – continued from previous page
+
∑∞
s=0
λs+1
(s+1)! x
8s+4 y2
(
(8(s+1))!
2!(8(s+1)−4)!
)
7F3
[
(s+1)+ 1
8
, (s+1)+ 1
4
, (s+1)+ 3
8
, (s+1)+ 1
2
, (s+1)+ 5
8
, (s+1)+ 3
4
, (s+1)+ 7
8
3
4
, 5
4
, 3
2
;λy4 216
]
+
∑∞
s=0
λs+1
(s+1)! x
8s+2 y3
(
(8(s+1))!
3!(8(s+1)−6)!
)
7F3
[
(s+1)+ 1
8
, (s+1)+ 1
4
, (s+1)+ 3
8
, (s+1)+ 1
2
, (s+1)+ 5
8
, (s+1)+ 3
4
, (s+1)+ 7
8
5
4
, 3
2
, 7
4
;λy4 216
]
H9,0(λ;x, y) =
∑∞
s=0
λs
s! x
9s
16F8
[
s
2
+ 1
18
, s
2
+ 2
18
, ... , s
2
+ 17
18
1
9
, 2
9
, 1
3
, 4
9
, 5
9
, 2
3
, 7
9
, 8
9
;λ2y9 216318
]
+
∑∞
s=0
λs+1
(s+1)! x
9s+7 y
(
(9(s+1))!
(9(s+1)−2)!
)
16F8
[
s+1
2
+ 1
18
, s+1
2
+ 2
18
, ... , s+1
2
+ 17
18
2
9
, 1
3
, 4
9
, 5
9
, 2
3
, 7
9
, 8
9
, 10
9
;λ2y9 216318
]
+
∑∞
s=0
λs+1
(s+1)! x
9s+5 y2
(
(9(s+1))!
(9(s+1)−4)!2!
)
16F8
[
s+1
2
+ 1
18
, s+1
2
+ 2
18
, ... , s+1
2
+ 17
18
1
3
, 4
9
, 5
9
, 2
3
, 7
9
, 8
9
, 10
9
, 11
9
;λ2y9 216318
]
+
∑∞
s=0
λs+1
(s+1)! x
9s+3 y3
(
(9(s+1))!
(9(s+1)−6)!3!
)
16F8
[
s+1
2
+ 1
18
, s+1
2
+ 2
18
, ... , s+1
2
+ 17
18
4
9
, 5
9
, 2
3
, 7
9
, 8
9
, 10
9
, 11
9
, 4
3
;λ2y9 216318
]
+
∑∞
s=0
λs+1
(s+1)! x
9s+1 y4
(
(9(s+1))!
(9(s+1)−8)!4!
)
16F8
[
s+1
2
+ 1
18
, s+1
2
+ 2
18
, ... , s+1
2
+ 17
18
5
9
, 2
3
, 7
9
, 8
9
, 10
9
, 11
9
, 4
3
, 13
9
;λ2y9 216318
]
+
∑∞
s=0
λs+2
(s+2)! x
9s+8 y5
(
(9(s+2))!
(9(s+2)−10)!5!
)
16F8
[
s+2
2
+ 1
18
, s+2
2
+ 2
18
, ... , s+2
2
+ 17
18
2
3
, 7
9
, 8
9
, 10
9
, 11
9
, 4
3
, 13
9
, 14
9
;λ2y9 216318
]
+
∑∞
s=0
λs+2
(s+2)! x
9s+6 y6
(
(9(s+2))!
(9(s+2)−12)!6!
)
16F8
[
s+2
2
+ 1
18
, s+2
2
+ 2
18
, ... , s+2
2
+ 17
18
7
9
, 8
9
, 10
9
, 11
9
, 4
3
, 13
9
, 14
9
, 5
3
;λ2y9 216318
]
+
∑∞
s=0
λs+2
(s+2)! x
9s+4 y7
(
(9(s+2))!
(9(s+2)−14)!7!
)
16F8
[
s+2
2
+ 1
18
, s+2
2
+ 2
18
, ... , s+2
2
+ 17
18
8
9
, 10
9
, 11
9
, 4
3
, 13
9
, 14
9
, 5
3
, 16
9
;λ2y9 216318
]
+
∑∞
s=0
λs+2
(s+2)! x
9s+2 y8
(
(9(s+2))!
(9(s+2)−16)!8!
)
16F8
[
s+2
2
+ 1
18
, s+2
2
+ 2
18
, ... , s+2
2
+ 17
18
10
9
, 11
9
, 4
3
, 13
9
, 14
9
, 5
3
, 16
9
, 17
9
;λ2y9 216318
]
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Table 1 – continued from previous page
H10,0(λ;x, y) =
∑∞
s=0
λs
s! x
10s
9F4
[
s+ 1
10
, s+ 2
10
, ... , s+ 9
10
1
5
, 2
5
, 3
5
, 4
5
;λy5 21055
]
+
∑∞
s=0
λs+1
(s+1)! x
10s+8 y
(
(10(s+1))!
(10(s+1)−2)!
)
9F4
[
(s+1)+ 1
10
, (s+1)+ 2
10
, ... , (s+1)+ 9
10
2
5
, 3
5
, 4
5
, 6
5
;λy5 21055
]
+
∑∞
s=0
λs+1
(s+1)! x
10s+6 y2
(
(10(s+1))!
2!(10(s+1)−4)!
)
9F4
[
(s+1)+ 1
10
, (s+1)+ 2
10
, ... , (s+1)+ 9
10
3
5
, 4
5
, 6
5
, 7
5
;λy5 21055
]
+
∑∞
s=0
λs+1
(s+1)! x
10s+4 y3
(
(10(s+1))!
3!(10(s+1)−6)!
)
9F4
[
(s+1)+ 1
10
, (s+1)+ 2
10
, ... , (s+1)+ 9
10
4
5
, 6
5
, 7
5
, 8
5
;λy5 21055
]
+
∑∞
s=0
λs+1
(s+1)! x
10s+2 y4
(
(10(s+1))!
4!(10(s+1)−8)!
)
9F4
[
(s+1)+ 1
10
, (s+1)+ 2
10
, ... , (s+1)+ 9
10
6
5
, 7
5
, 8
5
, 9
5
;λy5 21055
]
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Table 2 Shifted exponential lacunary generating functions HK,L(λ;x; y) for the bi-variate Hermite polynomials Hn(x, y),
K = 3, 4 and L = 1, 2, 3.
H3,1(λ;x, y) =
∑∞
s=0
λs
s!
(
x3s+1 + x3s−1
(
3s
1
)
2y
)
4F2
[
s
2
+ 1
6
, s
2
+ 1
3
, s
2
+ 2
3
, s
2
+ 5
6
1
3
, 2
3
;λ2y3 2433
]
+
∑∞
s=0
λs+1
(s+1)!
(
x3(s+1)−1y + x3(s+1)−3
(
3(s+1)−2
1
)
2y2
) (
(3(s+1))!
(3(s+1)−2)!
)
4F2
[
s+1
2
+ 1
6
, s+1
2
+ 1
3
, s+1
2
+ 2
3
, s+1
2
+ 5
6
2
3
, 4
3
;λ2y3 2433
]
+
∑∞
s=0
λs+2
(s+2)!
(
x3(s+2)−3y2 + x3(s+2)−5
(
3(s+2)−4
1
)
2y3
) (
(3(s+2))!
(3(s+2)−4)!2!
)
4F2
[
s+2
2
+ 1
6
, s+2
2
+ 1
3
, s+2
2
+ 2
3
, s+2
2
+ 5
6
4
3
, 5
3
;λ2y3 2433
]
H3,2(λ;x, y) =
∑∞
s=0
λs
s!
(
x3s
(
x2 + 2y
)
+ x3s
(
3s
1
)
4y + x3s−2
(
3s
2
)
2! · 4y2
)
4F2
[
s
2
+ 1
6
, s
2
+ 1
3
, s
2
+ 2
3
, s
2
+ 5
6
1
3
, 2
3
;λ2y3 2433
]
+
∑∞
s=0
λs+1
(s+1)!
(
x3(s+1)−2y
(
x2 + 2y
)
+ x3(s+1)−2
(
3(s+1)−2
1
)
4y2 + x3(s+1)−4
(
3(s+1)−2
2
)
2! · 4y3
) (
(3(s+1))!
(3(s+1)−2)!
)
·
· 4F2
[
s+1
2
+ 1
6
, s+1
2
+ 1
3
, s+1
2
+ 2
3
, s+1
2
+ 5
6
2
3
, 4
3
;λ2y3 2433
]
+
∑∞
s=0
λs+2
(s+2)!
(
x3(s+2)−4y2
(
x2 + 2y
)
+ x3(s+2)−4
(
3(s+2)−4
1
)
4y3 + x3(s+2)−6
(
3(s+2)−4
2
)
2! · 4y4
) (
(3(s+2))!
(3(s+2)−4)!2!
)
·
· 4F2
[
s+2
2
+ 1
6
, s+2
2
+ 1
3
, s+2
2
+ 2
3
, s+2
2
+ 5
6
4
3
, 5
3
;λ2y3 2433
]
H3,3(λ;x, y) =
∑∞
s=0
λs
s!
(
x3s
(
x3 + 6xy
)
+ x3s−1
(
3s
1
)
6y
(
x2 + 2y
)
+ x3s−1
(
3s
2
)
2! · 12y2 + x3s−3
(
3s
3
)
3! · 8y3
)
4F2
[
s
2
+ 1
6
, s
2
+ 1
3
, s
2
+ 2
3
, s
2
+ 5
6
1
3
, 2
3
;λ2y3 2433
]
+
∑∞
s=0
λs+1
(s+1)!
(
x3(s+1)−2y
(
x3 + 6xy
)
+ x3(s+1)−3
(
3(s+1)−2
1
)
6y2
(
x2 + 2y
)
+ x3(s+1)−3
(
3(s+1)−2
2
)
2! · 12y3
+x3(s+1)−5
(
3(s+1)−2
3
)
3! · 8y4
) (
(3(s+1))!
(3(s+1)−2)!
)
4F2
[
s+1
2
+ 1
6
, s+1
2
+ 1
3
, s+1
2
+ 2
3
, s+1
2
+ 5
6
2
3
, 4
3
;λ2y3 2433
]
+
∑∞
s=0
λs+2
(s+2)!
(
x3(s+2)−4y2
(
x3 + 6xy
)
+ x3(s+2)−5
(
3(s+2)−4
1
)
6y3
(
x2 + 2y
)
+ x3(s+2)−5
(
3(s+2)−4
2
)
2! · 12y4
+x3(s+2)−7
(
3(s+2)−4
3
)
3! · 8y5
) (
(3(s+2))!
(3(s+2)−4)!2!
)
4F2
[
s+2
2
+ 1
6
, s+2
2
+ 1
3
, s+2
2
+ 2
3
, s+2
2
+ 5
6
4
3
, 5
3
;λ2y3 2433
]
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Table 2 – continued from previous page
H4,1(λ;x, y) =
∑∞
s=0
λs
s!
(
x4s+1 + x4s−1
(
4s
1
)
2y
)
3F1
[
s+ 1
4
, s+ 1
2
, s+ 3
4
1
2
;λy2 26
]
+
∑∞
s=0
λs+1
(s+1)!
(
x4s+3y + x4s+1
(
4s+2
1
)
2y2
) ( (4(s+1))!
(4(s+1)−2)!
)
3F1
[
(s+1)+ 1
4
, (s+1)+ 1
2
, (s+1)+ 3
4
3
2
;λy2 26
]
H4,2(λ;x, y) =
∑∞
s=0
λs
s!
(
x4s
(
x2 + 2y
)
+ x4s
(
4s
1
)
4y + x4s−2
(
4s
2
)
2! · 4y2
)
3F1
[
s+ 1
4
, s+ 1
2
, s+ 3
4
1
2
;λy2 26
]
+
∑∞
s=0
λs+1
(s+1)!
(
x4s+2y
(
x2 + 2y
)
+ x4s+2
(
4s+2
1
)
4y2 + x4s
(
4s+2
2
)
2! · 4y3
) ( (4(s+1))!
(4(s+1)−2)!
)
3F1
[
(s+1)+ 1
4
, (s+1)+ 1
2
, (s+1)+ 3
4
3
2
;λy2 26
]
H4,3(λ;x, y) =
∑∞
s=0
λs
s!
(
x4s
(
x3 + 6xy
)
+ x4s−1
(
4s
1
)
6y
(
x2 + 2y
)
+ x4s−1
(
4s
2
)
2! · 12y2 + x4s−3
(
4s
3
)
3! · 8y3
)
3F1
[
s+ 1
4
, s+ 1
2
, s+ 3
4
1
2
;λy2 26
]
+
∑∞
s=0
λs+1
(s+1)!
(
x4s+2y
(
x3 + 6xy
)
+ x4s+1
(
4s+2
1
)
6y2
(
x2 + 2y
)
+ x4s+1
(
4s+2
2
)
2! · 12y3 + x4s−1
(
4s+2
3
)
3! · 8y4
)
·
·
(
(4(s+1))!
(4(s+1)−2)!
)
3F1
[
(s+1)+ 1
4
, (s+1)+ 1
2
, (s+1)+ 3
4
3
2
;λy2 26
]
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Appendix A. Proofs
A.1. Proof of Lemma 1.
Lemma 1. The explicit form for the K-fold lacunary dilatation LK(G(λ; x, y)) (K ∈ Z≥1)
of a generating function G(λ; x, y) with expansion coefficients gr,m(y) reads
(19)
GK,0(λ; x, y) = LK (G(λ; x, y))
=
∞∑
s=0
xs·K
∞∑
q=0
λs+q
(s+ q)!
gs·K,q·K(y)
+
K−1∑
α=1
∞∑
s=0
x(s+1)·K−α
∞∑
q=0
λs+q+1
(s+ q + 1)!
g(s+1)·K−α, q·K+α .
Proof. Consider the presentation of an exponential generating function G(λ; x, y) in the
form as described in (5b),
G(λ; x, y) =
∞∑
r=0
xr
∞∑
m=0
λr+m
(r +m)!
gr,m(y) .
Application of the lacunary dilatation operator LK (for K ≥ 1) amounts according to the
definition given in (16) to the manipulation
(A.1) LK (G(λ; x, y)) =
∞∑
r=0
xr
∞∑
m=0
1
(r +m)!
gr,m(y) δ(r+m) mod K,0
λ
r+m
K (r +m)!(
r+m
K
)
!
.
To proceed, we split the summation over r into mod K classes, where we need to take
particular care to treat the special cases where r = s·K separately (see ensuing arguments
below):
LK(G(λ; x, y)) =
∞∑
s=0
xs·K
∞∑
m=0
λs+
m
K
(s+ m
K
)!
gs·K,m(y) δm mod K,0(A.2a)
+
K−1∑
α=1
∞∑
s=0
xs·K+α
∞∑
m=0
λs+
α+m
K
(s+ α+m
K
)!
gs·K+α,m(y) δ(α+m) mod K,0(A.2b)
Here, we made use of the standard convention
∑K−1
α=1 . . . = 0 forK = 1, and we emphasized
(as in the statement of the Lemma) the positions where splitting into mod K classes has
been performed via using the notation s ·K. The remaining constraint in (A.2a),
m mod K = 0 ,
is solved evidently by m = q ·K (for q ∈ Z≥0), while the remaining constraint in (A.2b),
(α +m) mod K = 0 ,
is solved by3 m = q ·K +K − α (for a given α, and with q ∈ Z≥0).
Finally, purely for reasons of convenience in later applications, we chose to re-index the
summation over α by making the replacement α 7→ K − α, which gives the form of the
formula as presented in the statement of the Lemma. 
3Equivalently, we could solve the constraint in the form m = q ·K −α, but then for q ∈ Z≥1, since the
original summation over m is taken for m ∈ Z≥0.
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A.2. Proof of Corollary 1.
Corollary 1. The explicit form for the K-fold lacunary shift LK(G(λ; x, y)) (K ∈ Z≥1) of
a generating function G(λ; x, y) with expansion coefficients gr,m(y) splits into a part which
only contains summands with even second indices m of gr,m(y) (marked “part E”) and a
part involving odd second indices only (marked “part O”). It reads for the case K = 2T
(with T ∈ Z≥1)
LK=2T (G(λ; x, y)) =
[part E ∞∑
s=0
xs·K
∞∑
q=0
λs+q
(s+ q)!
gs·K,q·K(y)
(20a)
+
T−1∑
β=1
∞∑
s=0
x(s+1)·K−2β
∞∑
q=0
λs+q+1
(s+ q + 1)!
g(s+1)·K−2β, q·K+2β
]
(20b)
+
[part O T∑
β=1
∞∑
s=0
x(s+1)·K−2β+1
∞∑
q=0
λs+1+1
(s+ q + 1)!
g(s+1)·K−2β+1, q·K+2β−1
]
,(20c)
and for the case K = 2T + 1 (with T ∈ Z≥1)
LK=2T+1 (G(λ; x, y)) =
[part E ∞∑
s=0
xs·K
∞∑
ℓ=0
λs+2ℓ
(s+ 2ℓ)!
gs·K,2ℓ·K(y)
(21a)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β
∞∑
ℓ=0
λs+2ℓ+1
(s+ 2ℓ+ 1)!
g(s+1)·K−2β,2ℓ·K+2β(21b)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β+1
∞∑
ℓ=0
λs+2ℓ+2
(s+ 2ℓ+ 2)!
g(s+1)·K−2β+1, (2ℓ+1)·K+2β−1
]
(21c)
+
[part O ∞∑
s=0
xs·K
∞∑
ℓ=0
λs+2ℓ+1
(s+ 2ℓ+ 1)!
gs·K, (2ℓ+1)·K(y)(21d)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β+1
∞∑
ℓ=0
λs+2ℓ+1
(s+ 2ℓ+ 1)!
g(s+1)·K−2β+1, (2ℓ)·K+2β−1(21e)
+
T∑
β=1
∞∑
s=0
x(s+1)·K−2β
∞∑
ℓ=0
λs+2ℓ+2
(s+ 2ℓ+ 2)!
g(s+1)·K−2β, (2ℓ+1)·K+2β
]
.(21f)
Proof. While in principle a rather elementary computation, the proof of the statement
of the corollary requires a somewhat intricate resolution of the constraints implied by
subdividing the summations involved in the calculation of GK,L(λ; x, y) as described in
Lemma 1 further (into sums over even and odd second indices of the coefficients gr,m,
respectively). The cases of even and odd K must be treated separately, as will become
evident shortly.
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Consider then first the case K = 2T (for T ∈ Z≥1). Specializing the general formula
for GK,0(λ; x, y) as given in (19) to this case,
LK=2T (G(λ; x, y)) =
∞∑
s=0
xs·K
∞∑
q=0
λs+q
(s+ q)!
gs·K,q·K(y)(A.3a)
+
K−1∑
α=1
∞∑
s=0
x(s+1)·K−α
∞∑
q=0
λs+q+1
(s+ q + 1)!
g(s+1)·K,q·K+α ,(A.3b)
we recognize immediately that since K = 2T is even, so is q · K for all q ∈ Z≥0. Con-
sequently, all terms of (A.3a) contribute to the “even part” (marked part E in (20)), as
well as all those terms of (A.3b) for which α = 2β (and whence we obtain a reduction of
the respective sum over α, with 1 ≤ α ≤ K − 1 = 2T − 1, to a summation over β with
1 ≤ β ≤ T − 1). For the “odd part” (marked part O in (20)), none of the terms in (A.3a)
contribute (since evidently all second indices m of gr,m(y) in this summation are even),
with non-trivial contributions only from terms of (A.3b) with α = 2β − 1 (resulting in
a restriction of the respective summation over α, with 1 ≤ α ≤ K − 1 = 2T − 1, to
a summation over β with 1 ≤ β ≤ T ). This proves the statement of the corollary for
K = 2T .
The proof for the case K = 2T + 1 (with T ∈ Z≥1) is entirely analogous, yet the
separation of the respective summations over contributions with even or odd second indices
of the coefficients gr,m(y) is more involved. Suffice it here to present the resolution of the
respective constraints in terms of the admissible forms for summation indices r and q
as well as the summation ranges for the respective auxiliary summation indices β, from
which the second part of the corollary as given by (21) follows (with 0 ≤ s, ℓ ≤ ∞):
(A.4)
part r q range for β
part E r = s ·K q = 2ℓ −
r = (s+ 1) ·K − 2β q = 2ℓ 1 ≤ β ≤ T
r = (s+ 1) ·K − 2β + 1 q = 2ℓ+ 1 1 ≤ β ≤ T
part O r = s ·K q = 2ℓ+ 1 −
r = (s+ 1) ·K − 2β + 1 q = 2ℓ 1 ≤ β ≤ T
r = (s+ 1) ·K − 2β q = 2ℓ+ 1 1 ≤ β ≤ T

A.3. Details on the semi-linear normal ordering technique used in the proof
of Proposition 1. For the interested readers’ convenience, we briefly recall the salient
details of the so-called semi-linear normal ordering technique, the origins of which date
back at least to the 1960s (see [6] for a historical overview and an extensive list of ap-
plication examples in physics, and also [24, 25, 26] for applications of the technique in
combinatorics and chemistry).
Let thus D be a differential operator of the “semi-linear form” (i.e. at most linear in
d
dx
),
(A.5) D = q(x) d
dx
+ v(x) ,
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where for simplicity (and as sufficient for the purposes of the proof of Proposition 1) we
assume that q(x) and v(x) are polynomials with real-valued coefficients, q(x), v(x) ∈ R[x].
Let f(x) be an entire function, and λ a formal variable. Then one finds that
(A.6) eλDf(x) = g(λ; x)f(T (λ; x)) ,
where the substitution function T (λ; x) and the prefactor function g(λ; x) are computed
via solving the following initial value problem:
(A.7)
∂
∂λ
T (λ; x) = q(T (λ; x)) , T (0; x) = x
∂
∂λ
ln(g(λ; x)) = v(T (λ; x)) , g(0; x) = 1 .
A.4. Details of the proof of Corollary 2.
Corollary 2. The K-tuple L-shifted lacunary generating functions HK,L(λ; x, y) read for
K = 2T (T ∈ Z≥1) and L ∈ Z≥0
(42)
HK=2T,L(λ; x, y)
=
∞∑
s=0
λs
s!
(
L∑
q=0
q!
(
L
q
)(
Ks
q
)
HL−q(x, y) x
Ks−q(2y)q
)
·
· (K−1)F(T−1)
[(
s+ j+1
K
)
0≤j≤K−2(
ℓ+1
T
)
0≤ℓ≤T−2
;λ(2Ky)T
]
+
T−1∑
β=1
∞∑
s=0
λs+1
(s+1)!
( L∑
q=0
q!
(
L
q
)(
K(s+ 1)− 2β
q
)
HL−q(x, y) ·
· xK(s+1)−2β−q 2q yβ+q
) (
(K(s+1))!
(K(s+1)−2β)!β!
)
·
· (K−1)F(T−1)

(s + 1 + j+1K )0≤j≤K−2(
β+ℓ+1
T
)
0≤ℓ≤T−1
ℓ 6=T−1−β
;λ(2Ky)T

 ,
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and for K = 2T + 1 (with T ∈ Z≥1)
(43)
HK=2T+1,L(λ; x, y)
=
∞∑
s=0
λs
s!
(
L∑
q=0
q!
(
L
q
)(
Ks
q
)
HL−q(x, y) x
Ks−q(2y)q
)
·
· (2K−2)F(K−1)


(
s
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
ℓ+1
K
)
0≤ℓ≤K−2
; λ
2(4Ky)K
4


+
T∑
β=1
∞∑
s=0
λs+1
(s+1)!
( L∑
q=0
q!
(
L
q
)(
K(s+ 1)− 2β
q
)
HL−q(x, y) ·
· xK(s+1)−2β−q 2q yβ+q
) (
(K(s+1))!
(K(s+1)−2β)!β!
)
·
· (2K−2)F(K−1)


(
s+1
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
β+ℓ+1
K
)
0≤ℓ≤K−1
ℓ 6=K−1−β
; λ
2(4Ky)K
4


+
T∑
β=1
∞∑
s=0
λs+2
(s+2)!
( L∑
q=0
q!
(
L
q
)(
K(s+ 2)− 2(T + β)
q
)
HL−q(x, y) ·
· xK(s+2)−2(T+β)−q 2q yT+β+q
) (
(K(s+2))!
(K(s+2)−2(T+β))!(T+β)!
)
·
· (2K−2)F(K−1)


(
s+2
2
+ j+1
2K
)
0≤j≤2K−2
j 6=K−1(
T+β+ℓ+1
K
)
0≤ℓ≤K−1
ℓ 6=T−β
; λ
2(4Ky)K
4

 .
Proof. In order to efficiently apply the operational rule stated in (26) to the explicit
formulae for HK,0(λ; x, y) as stated in Theorem 1, recall first that since H1,0(µ; x, y) is
the exponential generating function of the two-variable Hermite polynomials Hn(x, y), we
find by definition that
(A.8)
[(
∂
∂µ
)r
H1,0(µ; x, y)
] ∣∣∣∣
µ7→0
= Hr(x, y) .
We also need the following elementary identity (where f(µ; x, y) and g(µ; x, y) are formal
power series in the formal variables λ, x, y)
(A.9)(
∂
∂µ
)L
(f(µ; x, y)g(µ; x, y)) =
L∑
q=0
(
L
q
)((
∂
∂µ
)L−q
f(µ; x, y)
)((
∂
∂µ
)q
g(µ; x, y)
)
.
To complete the proof, note that according to (26) in the calculation of HK,L(λ; x, y)
from HK,0(λ; x, y), the variable x is replaced by (x + 2µy), and the entire expression
for HK,)(λ; x + 2µy, y) multiplied by H1,0(µ; x, y), followed by taking L derivatives of
the overall expression with respect to µ and setting µ to zero, in the process obtaining
HK,L(λ; x, y). It thus suffices to focus on a generic term of the form x
P (for P ∈ Z≥0) that
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occurs in HK,0(λ; x, y). It transformed via the previously described procedure as follows:
(A.10)
[(
∂
∂µ
)L
H1,0(µ; x, y) x
P
] ∣∣∣∣
µ7→0
(A.9)
=
[
L∑
q=0
(
L
q
)((
∂
∂µ
)L−q
H1,0(µ; x, y)
)((
∂
∂µ
)q
xP
)] ∣∣∣∣
µ7→0
(A.8)
=
L∑
q=0
(
L
q
)
HL−q(x, y) q!
(
P
q
)
xP−q (2y)q .
The proof then follows by application of this auxiliary formula to the computation of
HK,L(λ; x, y) as described above. 
Appendix B. Maple code listing for algorithmic verification of
lacunary generating functions
As a consistency check, we provide a some listings of MapleTM code here for the read-
ers’ convenience.
Bi-variate Hermite Polynomials of parameter M = 2, 3, .. are denoted H(n,M, x, y):
> H:=proc(n,M,x,y)n!*sum(x^(n-M*r)*y^r/(r!*(n-M*r)!),r=0..floor(n
/M)) ;end;
We are interested only in the caseM = 2; presented below are the traditional two-variable
Hermite polynomials, denoted He(n, x, y):
> He:=proc(n,x,y)H(n,2,x,y);end;
The polynomials He(n, x, y) are related to the conventional form of the Hermite polyno-
mials via (Maple notation)
(B.1) HermiteH(n,x) = He(n, 2*x ,-1) .
This may be explicitly verified via Maple, taking differences:
> seq(expand(HermiteH (kk,x))-He(kk ,2*x,-1),kk=0..7);
We present an algorithm to verify the lacunary generating function formulae by means
of taking derivatives with respect to the formal parameter λ of the generating functions
HK,L(λ; x, y) followed by setting λ to zero, thus producing the respective Hermite polyno-
mials. In the following code listings, the formal variable is denoted Lam, while the triple
lacunary generating function H3,0(λ; x, y) is denoted GHP3_0(smax,Lam,x,y). Here, the
variable smax is the order of truncation of powers of Lam.
>GHP3_0:=proc(smax ,Lam ,x,y)sum(Lam^s*x^(3*s)*hypergeom([s/2+1/6 ,
s/2+1/3 ,s/2+2/3 ,s/2+5/6],[1/3,2/3], Lam^2*y^3*(2^4) *(3^3))/s!,s
=0.. smax)+sum(Lam^(s+1)*x^(3*s+1)*y*((3*s+3) !/(3*s+1)!)*
hypergeom([ (s+1) /2+1/6,(s+1)/2+1/3,(s+1)/2+2/3,(s+1)
/2+5/6],[2/3,4/3], Lam^2* y^3*(2^4) *(3^3))/(s+1)!,s=0..smax)+sum
(Lam^(s+2)*x^(3*s+2)*y^2*((3* s+6) !/(3*s+2)!)*hypergeom([(s+2)
/2+1/6,(s+2)/2+1/3,(s+2)/2+2/3 , (s+2)/2+5/6],[4/3,5/3], Lam^2*y
^3*(2^4) *(3^3))/(2*(s+2)!),s=0..smax) ;end;
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For a concrete test of the triple lacunary generating function, we truncate at smax=100.
We compare the difference between the kk-th derivative with respect to to Lam evaluated
at Lam=0 and the two-variable Hermite polynomial of order 3*kk, for kk=1..16:
> seq(expand(simplify(subs(Lam=0,diff(GHP3_0(100,Lam ,x,y),Lam$kk)
)))- He(3*kk,x,y),kk =1..16);
Below we repeat the same procedure for the quadruple lacunary generating function
H4,0(λ; x, y), denoted GHP4_0(smax, Lam, x,y):
>GHP4_0:=proc(smax ,Lam,x,y)sum(Lam^s*x^(4*s)*hypergeom([s+1/4,s
+1/2, s+3/4],[1/2],Lam*y^2*2^6)/s!,s=0..smax)+sum(Lam^(s+1)*x
^(4*s+2)*y*( (4*s+4)!/(4*s+2)!)*hypergeom([s+1+1/4 ,s+1+1/2 ,s
+1+3/4],[3/2], Lam* y^2*2^6)/(s+1)!,s=0..smax);end;
Truncating at smax=100, we compare the differences between the derivatives with respect
to Lam evaluated at Lam=0 and the two-variable Hermite polynomials He(4*kk,x,y) of order
4*kk, for kk=1..16:
> seq(expand(simplify(subs(Lam=0,diff(GHP4_0(100,Lam ,x,y),Lam$kk)
)))- He(4*kk,x,y),kk =1..16);
As a final example, we present below an analogous computation for the quintuple
lacunary generating function H5,0(λ; x, y), with an example calculation for truncation
order smax=150 and kk=1..16 (whence verifying up to the polynomials of order 5 ∗ 15):
> GHP5_0:=proc(smax ,Lam , x,y) sum(Lam^s*x^(5*s)*hypergeom([s
/2+1/10, s/2+1/5 ,s/2+3/10,s/2+2/5 ,s/2+3/5 ,s/2+7/10,s/2+4/5 ,s
/2+9/10],[1/5, 2/5 ,3/5 ,4/5] ,Lam^2*y^5*2^8*5^5)/s!,s=0..smax)+
sum(Lam^(s+1)*x^(5*s+3)*y*((5*s+5) !/(5*s+3)!)*hypergeom(subs (s=s
+1,[s/2+1/10,s/2+1/5 ,s/2+3/10,s/2+2/5 ,s/2+3/5 ,s/2+7/10,s/2+4/5 ,
s/2+9/10]) ,[2/5 ,3/5 ,4/5 ,6/5] ,Lam^2*y^5*2^8*5^5)/(s+1)!,s=0..
smax)+
sum(Lam^(s+1)*x^(5*s+1)*y^2*((5*s+5) !/(2*(5*s+1)!))* hypergeom(
subs(s=s+1,[s/2+1/10,s/2+1/5 ,s/2+3/10,s/2+2/5 ,s/2+3/5 , s
/2+7/10,s/2+4/5 ,s/2+9/10]) ,[3/5 ,4/5 ,6/5 ,7/5] ,Lam^2*y^5*2^8*5^5)
/ (s+1)!,s=0..smax)+ sum(Lam^(s+2)*x^(5*s+4)*y^3*((5*s+10)!/(6*
(5*s+4)!))*hypergeom(subs(s=s+2,[s/2+1/10,s/2+1/5 ,s/2+3/10,s
/2+2/5 , s/2+3/5 ,s/2+7/10,s/2+4/5 ,s/2+9/10]) ,[4/5 ,6/5 ,7/5 ,8/5] ,
Lam^2*y^5* 2^8*5^5) /(s+2)!,s=0..smax) + sum(Lam^(s+2)*x^(5*s+2)
*y^4*((5* s+10)!/(24*(5*s+2)!))*hypergeom(subs(s=s+2,[s/2+1/10,
s/2+1/5 , s/2+3/10,s/2+2/5 ,s/2+3/5 ,s/2+7/10,s/2+4/5 ,s/2+9/10])
,[6/5,7/5,8/5, 9/5],Lam^2*y^5*2^8*5^5)/(s+2)!,s=0..smax);end;
> seq(expand(simplify(subs(Lam=0,diff(GHP5_0(150,Lam ,x,y),Lam$kk)
)))- He(5*kk,x,y),kk =1..16);
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